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Abstract
Local structure can have important effects on luminosity distance observations, which could for
example affect the local estimation of the Hubble constant based on low red-shift type Ia supernovae.
Using a spherically symmetric exact solution of the Eistein’s equations and a more accurate expan-
sion of the solution of the geodesic equations, we improve the low red-shift expansion of the monopole
of the luminosity distance in terms of the curvature function. Based on this we derive the coordi-
nate independent low red-shift expansion of the monopole of the luminosity distance in terms of the
monopole of the density contrast. The advantage of this approach is that it relates the luminosity
distance directly to density observations, without any dependency on the radial coordinate choice.
We compute the effects of different inhomogeneities on the luminosity distance, and find that the
formulae in terms of the density contrast are in good agreement with numerical calculations, in the
non linear regime are more accurate than the results obtained using linear perturbation theory, and
are also more accurate than the formulae in terms of the curvature function.
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I. INTRODUCTION
The luminosity distance is an observable quantity of fundamental importance for modern
Cosmology, and it provided the first evidence of dark energy [1, 2], i.e. the late time accelerated
expansion of the Universe. Low red-shift luminosity distance observations [3–5] are also used to
determine the Hubble constant H0 under the assumption of spatial homogeneity, but the value
of H0 obtained from local measurements is in disagreement with the value inferred from CMB
observations [3–7]. The discrepancy has been recently claimed to be of order 4.4σ tension [5].
The unaccounted effects of local structure on the luminosity distance could resolve this ten-
sion as shown for example in [8], and it is therefore important to study these effects. This
motivates the calculation of low red-shift expansions for the luminosity distance based on us-
ing inhomogeneous exact solutions of Einstein’s field equations. The cosmological effects of
inhomogeneities on different observables have been studied in [8–33], and examples include the
expansion scalar [31], number counts, [32] and the luminosity distance [18, 19, 24, 33]. In this
paper we focus on the effects on the luminosity distance produced by the monopole of local
structure modeled by a spherically symmetric solution of Einstein’s equations in presence of
the cosmological constant.
A low red-shift expansion for the monopole of the luminosity distance was derived in [24] in
terms of the curvature function, and in this paper we improve these formulae by using a more
accurate expansion of the solution of the geodesic equations [31]. We then use these formulae
to derive a new coordinate independent low red-shift expansion for the luminosity distance in
terms of the monopole of the density field. We compare the analytic results to exact numerical
computations and perturbation theory [34], finding that the formulae in terms of the density
contrast are in good agreement with the numerical results and more accurate than the formulae
in terms of the curvature function and the perturbative calculation.
II. MODELING THE LOCAL UNIVERSE
We model the monopole component of the local structure using the Lemaˆıtre-Tolman-Bondi
(LTB) metric [35–39]
ds2 = −dt2 +
R′(t, r)2
1 + 2E(r)
dr2 +R(t, r)2dΩ2 , (1)
where R is a function of the time coordinate t and the radial coordinate r, E(r) is an arbitrary
function of r, R′(t, r) = ∂rR(t, r), and we choose a system of units in which c = 8piG = 1. The
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Einstein’s equations imply (
R˙
R
)2
=
2E(r)
R2
+
2M(r)
R3
+
Λ
3
, (2)
ρ(t, r) =
2M ′
R2R′
, (3)
where M(r) is an arbitrary function of r and R˙(t, r) = ∂tR(t, r). The luminosity distance in a
LTB space-time is given by
DL(z) = (1 + z)
2R(t(z), r(z)) , (4)
where t(z) and r(z) are the radial null geodesics, which are obtained by solving the geodesic
equations [40]
dr
dz
=
√
1 + 2E(r(z))
(1 + z)R˙′[t(z), r(z)]
, (5)
dt
dz
= −
R′[t(z), r(z)]
(1 + z)R˙′[t(z), r(z)]
. (6)
The analytical solution of eq.(2) can be derived [41, 42] introducing a new coordinate η =
η(t, r), and new functions ρ0(r) and k(r) given by
∂η
∂t
|r =
r
R
=
1
a
, (7)
ρ0(r) =
6M(r)
r3
, (8)
k(r) = −
2E(r)
r2
. (9)
We will adopt, without loss of generality, the coordinate system in which ρ0(r) is a constant,
the so called FLRW gauge. We can express eq.(2) in the form(
∂a
∂η
)2
= −k(r)a2 +
ρ0
3
a +
Λ
3
a4 . (10)
III. COORDINATE INDEPENDENT RED-SHIFT EXPANSION OF THE LUMI-
NOSITY DISTANCE
Our goal is to find an analytical formula for the luminosity distance in terms of the density
contrast δ(z) at low red-shift. In order to derive the formula we take into account the metric
reconstruction of the local Universe given in [32]. We follow the same procedure described in
sections III and IV of [32] and we expand the curvature function k(r) according to
k(r) = k0 + k1r + k2r
2 + ... . (11)
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In this section we derive the formulae for the case in which k0 = 0, and report the general
case in appendix B.
After expanding the luminosity distance in red-shift space we get
DL(z) = D1z +D2z
2 +D3z
3 , (12)
D1 =
1
H0
, (13)
D2 =
4− 6αK1ΩM − 3ΩM
4H0
, (14)
D3 =
1
24H0ΩΛΩM
{
− 2K21
[
2ζ0 + 3ΩΛΩM
(
4α− 3α2ΩM (6ΩM − 5) + 3βΩM
)
− 2
]
+
+ 4K1ΩΛΩM
[
27αΩ2M − 24αΩM − 2
]
+ 3ΩΛΩ
2
M
[
9ΩM − 2 (6αK2 + 5)
]}
, (15)
where we have introduced the parameters H0, ΩM , ΩΛ, Kn, α, β, according to the definitions
given in [16, 31, 32].
Note that the above formulae depend on the coordinates choice since the coefficients D2 and
D3 given in eq.(14) and eq.(15) are expressed in terms of the coefficients K1 and K2, which
depend on the choice of the radial coordinate r. It is also important to note that a similar
expansion in terms of the curvature function was previously derived in [24]. However, the
formulae we have derived is based on a more accurate expansion of the solution of the geodesic
equations [31, 32], and therefore are more precise than the previous formulae.
It is easy to check that the formulae have the correct dimensions since all the parameters are
dimensionless except for H0. The intermediate steps necessary to derive these expressions are
rather cumbersome, for this reason the results are expressed in terms of the above mentioned
parameters after making all the analytical calculations using complex simplifying routines writ-
ten in Mathematica. This procedure facilitates the physical interpretation of the results and
ensures an immediate check of the dimensional consistency.
As can be seen in eq.(14) the effects of the inhomogeneity start to show at second order in
the red-shift expansion of the luminosity distance. Note that in absence of inhomogeneities,
i.e. K1 = K2 = 0 the obtained formulae reduce to the standard FLRW case.
We can now use the reconstructed metric given in [32] to find the luminosity distance in
terms of the density contrast. In order to do this we expand δ(z) as
δ(z) = δ0 + δ1z + δ2z
2 , (16)
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and after replacing the expressions for K1 and K2 found in [32] into eq.(14) and eq.(15) we get
D2 = −
2H20 (3ΩM − 4) (3αΩM + 1) + 9αδ1H
2
0ΩMΩM
8H30 (3αΩM + 1)
, (17)
D3 =
1
640H50ΩΛΩM (3αΩM + 1)
3
{
80H40ΩΛΩ
2
M (9ΩM − 10) (3αΩM + 1)
3+
+ 3H
4
0Ω
2
Mδ1
2
[
− 20ζ0 + 1377α
3ΩΛΩ
4
M + 30Ω
2
M
(
3α2ΩΛ − 2α− 3βΩΛ
)
+
+ 324α2ΩΛΩ
3
M + 60αΩM + 20
]
+ 8H20H
2
0ΩMΩΛΩM (3αΩM + 1)
[
δ1
(
729α2Ω3M+
−72α(10α− 3)Ω2M − 300αΩM − 20
)
− 72αδ2ΩM (3αΩM + 1)
]}
, (18)
where the parameters H0 and ΩM are given in appendix A.
It is important to note that the above formulae for the luminosity distance in terms of the
density contrast do not depend on the choice of radial coordinate. It is easy to check that
the formulae reduce to the FLRW luminosity distance expansion in the homogeneous limit
δ1 = δ2 = 0.
IV. TESTING THE ACCURACY OF THE FORMULAE
In order to compare our analytical formulae with numerical computations we consider inho-
mogeneities defined by the curvature function
k(r) = −λH20
rH0
ν2
(2 + ν rH0) exp
[
−
(
rH0
ν
)2]
, (19)
which are shown in fig.(1). In order to compute the luminosity distance we first solve numerically
the Einstein’s eq.(2) and the radial null geodesic equations given in eq.(5) and eq.(6), and
then substitute the solutions of the geodesics equations in eq.(4). Since we are considering
asymptotically flat compensated structures, the background is flat, H0 = H0 and ΩM = ΩM .
In order to check if the structure is in the linear regime we can compute the corresponding
curvature perturbation using the relation [19]
[
rζ ′(r) + 1
]2
= 1− r2k(r) , (20)
and we plot in fig.(2) this quantity for the different inhomogeneities we consider.
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FIG. 1: The function k(r) defined in eq.(19) is plotted in units of H20 as a function of the radial
coordinate for ν = 2× 10−1, λ = 5× 10−4 (left) and ν = 2× 10−1, λ = 5× 10−2 (right).
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FIG. 2: The curvature perturbation ζ(r) is plotted as a function of the radial coordinate in units of
H−10 . The left and right plots correspond to the same models shown in fig.(1).
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FIG. 3: The density contrast δ(z) is plotted as a function of red-shift. The left and right plots
correspond to the same models shown in fig.(1).
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We also compare our formulae with the low red-shift perturbative approximation [34] given
by
DL(z) = DL(z)
[
1 +
1
3
fδ(z)
]
, (21)
where
δ(z) =
3
χ(z)3
∫ z
0
χ(y)2δ(y)
H(y)
dy , (22)
is the volume average of the density contrast over a sphere of comoving radius χ(z), χ, H and
DL are the comoving distance, Hubble parameter and luminosity distance of the background
Universe, and f = ΩM
0.55 is the growth rate. We plot in fig.(3) the density contrast for the
different models. As can be seen from fig.(5) the formula for the luminosity distance in terms
of the curvature function coefficients K1 and K2 is not accurate compared to the formula in
terms of the density contrast, which is also more accurate than perturbation theory.
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FIG. 4: The relative percentual difference ∆D = 100(DL/DL−1) is plotted as a function of red-shift.
The black solid curve corresponds to the numerical solution, the dot-dashed curve to the coordinate
independent formula in terms of the density contrast, the black dashed curve to the formula in terms
of the curvature function expansion coefficients K1 and K2, and the red curve to the perturbative
formula given in eq.(21). The left and right plots correspond to the same models shown in fig.(1). At
the bottom the density contrast is plotted as a function of red-shift for the corresponding models.
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FIG. 5: The relative percentual difference ∆D = 100
(
DanL /D
num
L − 1
)
is plotted as a function of
red-shift. The black solid curve corresponds to the analytical formula given in terms of δ1 and δ2,
the black dashed curve to the formula in terms of the curvature coefficients K1 and K2, and the red
curve to the perturbative approximation given in eq.(21). The left and right plots correspond to the
same models shown in fig.(1). As can be seen the coordinate independent formula is the one in best
agreement with numerical results.
V. CONCLUSIONS
We have computed an improved low red-shift formula of the luminosity distance in terms
of the curvature function using a more accurate expansion of the solution of the geodesic
equations. Based on this result we have derived for the first time a low red-shift expansion of
the luminosity distance in terms of the density contrast. The advantage of this approach is that
it allows to obtain coordinate independent formulae whose coefficients are directly related to
density observations, contrary to previous calculations in which the coefficients were in terms
of the curvature function, and were consequently also depending on the choice of the radial
coordinate.
The formulae are in good agreement with numerical calculations and are more accurate
than results obtained using perturbation theory. In the future it will be interesting to use the
formulae to develop an inversion method to reconstruct the monopole of the density contrast
from the monopole of the luminosity distance. The results of the inversion could be used
to test the validity of the assumption of homogeneity used in the estimation of cosmological
parameters, such as the Hubble constant, from local observations. It will also be interesting
to adopt other expansion methods such as the Pade´ approximation. In order to consider the
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effects of higher multipoles of the local structure, other non spherically symmetric solutions of
the Einstein’s equations could be used to obtain the low red-shift expansion of the luminosity
distance.
Appendix A: Definitions of background quantities
The sub-horizon volume average on constant time slices for any scalar S(t, r) is defined as
S(t) =
∫
S(t, r)dV (t)∫
dV (t)
, (1)
∫
dV (t) =
∫ rh(t)
0
R(t, r)2R′(t, r)√
1− k(r)r2
dr , (2)
where rh(t) is the comoving horizon as a function of time. For compensated inhomogeneities,
such as the ones we consider in this paper, the average S will is well approximated by the
asymptotic value
S(t) = lim
r→∞
S(t, r) . (3)
For example the background Hubble constant H0 is obtained from the volume average of the
LTB Hubble parameter defined in terms of the expansion scalar
H(t, r) =
2R˙(t, r)
3R(t, r)
+
R˙′(t, r)
3R′(t, r)
(4)
evaluated at present time t0, H0 ≡ H(t0), where t0 = t(η0, 0).
The background parameter ΩM is defined in terms of the volume average of the density
ρ(t, r) according to
ΩM ≡
ρ(t0)
3H
2
0
. (5)
Appendix B: General formulae
The low red-shift formulae for the luminosity distance, both the coordinate dependent and
coordinate independent, are given in this appendix for the more general case in which k0 is
different from zero. We have used the computer algebra system provided by the Wolfram
Mathematica software to derive all the formulae. Since D1 = H
−1
0 is also true for the general
case we only give here the expressions for the coefficients D2 and D3 for simplicity, which in
terms of K1 and K2 are given by
D2 =
1
4H0
(
4K30 − 27ΩΛΩ
2
M
){8K40 (2αK1 + 1)− 18K0ΩM[K1 (−2ζ0 + 6αΩΛΩM + 2)+
9
+ 3ΩΛΩM
]
+ 27ΩΛΩ
2
M
[
(6αK1 + 3)ΩM − 4
]
− 4K30
[
K1 (6αΩM + T0) + 3ΩM − 4
]
+
+ 6K1K
2
0 (T0ΩM − 4ζ0)
}
, (1)
D3 =
1
8H0
(
4K30 − 27Ω
2
MΩΛ
)
2
{
64K80 − 64 (K1T0 + 3ΩM − 1)K
7
0 + 16
[
K21T
2
0 − 2K2T0+
− 4K1
(
6ζ0 + T0 (1− 3ΩM)
)
+ ΩM (9ΩM − 10)
]
K60 − 4
[
T0
(
− 48ζ0 + 3T0 (4ΩM+
−1)− 4
)
K21 + 96ζ0 (1− 3ΩM)K1 + 4ΩM
(
T0 (9ΩM − 8) + 8
)
K1 + 12
(
18ΩΛΩ
2
M+
+K2 (4ζ0 − T0ΩM )
)]
K50 + 12
[(
48ζ20 + 4
(
T0 (3− 12ΩM) + 4
)
ζ0+
+ T0ΩM
(
T0 (3ΩM − 2) + 11
) )
K21 + 4ΩM
(
− 2ζ0 (9ΩM − 8)− 8ΩΛ + ΩM (9T0ΩΛ+
+6)− 4
)
K1 + 24ΩM
(
K2 (ζ0 − 1) + 3ΩM (3ΩM − 1)ΩΛ
)]
K40 + 36
[(
(12+
−48ΩM ) ζ
2
0 + 2ΩM
(
T0 (6ΩM − 4) + 9
)
ζ0 + ΩM
(
T0 (−7ΩM + 3ΩΛ + 3) + 12
) )
K21+
+ 4
(
18ζ0 + T0 (3− 9ΩM) + 2
)
Ω2MΩΛK1 + 6Ω
2
M
(
K2T0 + (10− 9ΩM) ΩM
)
ΩΛ
]
K30+
+ 108ΩM
[(
4 (3ΩM − 2) ζ
2
0 + (−14ΩM + 6ΩΛ + 6) ζ0 + ΩM (T0ΩΛ + 4)
)
K21+
+ ΩM
(
ζ0 (24− 72ΩM) + ΩM
(
T0 (9ΩM − 8) + 8
) )
ΩΛK1 + 3ΩMΩΛ
(
9ΩΛΩ
2
M+
+K2 (4ζ0 − T0ΩM )
)]
K20 + 2
[
α2
(
18Ω2M − 3 (8K0 + 5)ΩM + 8K0 (K0 + 1)
)
K21+
+
(
βK21 + 2αK2
)
(2K0 − 3ΩM)
] (
4K30 − 27Ω
2
MΩΛ
)
2 − 324Ω2MΩΛ
[
(T0ΩM − 3)K
2
1+
− 2ΩM
(
− 3ΩM + ζ0 (9ΩM − 8) + 4ΩΛ + 2
)
K1 + 3ΩM
(
2K2 (ζ0 − 1) + 3ΩM (3ΩM+
−1) ΩΛ
)]
K0 + 243Ω
3
MΩΛ
[
− 4 (ζ0 − 1)K
2
1 − 8ΩMΩΛK1 + 3Ω
2
M (9ΩM − 10)ΩΛ
]
+
+ 4αK1
(
4K30 − 27Ω
2
MΩΛ
)[
16K50 − 8 (K1T0 + 6ΩM − 2)K
4
0 + 4
(
ΩM (9ΩM − 8)+
+K1
(
−12ζ0 + T0 (6ΩM − 2)− 1
) )
K30 − 3
(
36ΩΛΩ
2
M +K1{ζ0 (16− 48ΩM)+
+ ΩM [T0 (6ΩM − 5) + 4]}
)
K20 − 18ΩM
(
6 (1− 3ΩM )ΩMΩΛ +K1 (−2ΩM+
+ζ0 (6ΩM − 5) + 3ΩΛ + 1
) )
K0 + 27Ω
2
M
(
2K1 + (8− 9ΩM )ΩM
)
ΩΛ
]}
. (2)
The coordinate independent coefficients D2 and D3 are given by
D2 =
1
8H30ΩMA
{
δ1H
2
0ΩM
[
− 8αK40 + 18K0ΩM (−ζ0 + 3αΩΛΩM + 1) + 2K
3
0 (6αΩM+
10
+T0) + 3K
2
0 (4ζ0 − T0ΩM)− 81αΩΛΩ
3
M
]
+ 2H20ΩM (2K0 − 3ΩM + 4)A
}
, (3)
D3 = −
1
640H50Ω
2
MA
3

Ω2Mδ21
[
4352α3K110 − 64α
2
(
51T0 + 4 (51ΩMα + 5α + 6)
)
K100 +
+ 16
(
α
{
51T 20 + 12 (51ΩMα + 5α + 4)T0 + 4α[−306ζ0 + 9ΩM (17αΩM + 16)+
+ 40]
}
− 40β
)
K90 − 4
(
17T 30 + 12 (51ΩMα + 5α + 2)T
2
0 + 4α
{
− 612ζ0+
+ 9ΩM (51αΩM + 32) + 80
}
T0 − 720βΩM + 16α
{
− 18ζ0 (51ΩMα + 5α + 4)+
+ 9αΩM [30ΩM + 3 (51αΩM + 4)ΩΛ + 34] + 25
})
K80 + 4
(
(51ΩM + 5) T
3
0+
+
{
− 306ζ0 + 9ΩM (51αΩM + 16) + 50
}
T 20 + 4
{
− 36ζ0 (51ΩMα + 5α+ 2)+
+ 9αΩM [60ΩM + 6 (51αΩM + 4)ΩΛ + 73] + 25
}
T0 − 720βΩM (ΩM + ΩΛ − 1)+
+ 24α
{
54α (51αΩΛ + 2)Ω
3
M + 9α[−51ζ0 + 6(5α+ 8)ΩΛ + 29]Ω
2
M + (90α− 288ζ0+
+137)ΩM + 2ζ0 (153ζ0 − 40)
})
K70 − 3
(
66096α3ΩΛΩ
4
M + 864α
{
54αΩΛ+
+ T0 (51αΩΛ + 2)
}
Ω3M + 3
{
17T 30 + 12 (51αΩΛ + 10)T
2
0 + 16α[−153ζ0 + 18(5α+
+ 6)ΩΛ + 92]T0 + 3296α− 288[5(β − 3α
2)ΩΛ + 2αζ0 (51αΩΛ + 10)]
}
Ω2M+
+ 8
{
− 9T0 (17T0 + 32) ζ0 + 2T0
[
T0 (9ΩΛ + 33) + 86
]
+ 6α
[
612ζ20 − 6 (24ΩΛ + 73) ζ0+
+ 5
(
14ΩΛ + T0 (ΩΛ + 5) + 2
)]}
ΩM + 8ζ0
{
− 15T 20 + 2 (153ζ0 − 50)T0+
+ 12[6(5α+ 2)ζ0 − 5]
})
K60 + 18
(
324α2ΩΛ (17T0 + 102αΩΛ + 40)Ω
4
M+
+ 6
{
3 (51αΩΛ + 2)T
2
0 + 360αΩΛT0 − 360βΩΛ + 16α[−18ζ0 + 9αΩΛ (−51ζ0 + 6ΩΛ+
+17) + 13]
}
Ω3M +
{[
− 153ζ0 + 18(5α+ 4)ΩΛ + 107
]
T 20 + 12
[
50αΩΛ − 6ζ0 (51αΩΛ+
+10) + 51
]
T0 + 24α
[
153ζ20 − 4
(
9(5α+ 6)ΩΛ + 46
)
ζ0 + 72ΩΛ + 101
]}
Ω2M + 2
{
5T 20+
+ 12ζ0 (51ζ0 − 44)T0 + 8ζ0 (−75α + 72ζ0 − 71) + 2[T0 (5T0 − 72ζ0 + 50)− 60αζ0]ΩΛ+
+ 20
}
ΩM + 8 (15T0 − 102ζ0 + 50) ζ
2
0
)
K50 − 27
(
1296α2ΩΛ (51αΩΛ + 4)Ω
5
M+
+ 9ΩΛ
{
3α
[
17T 20 + 4 (51αΩΛ + 20)T0 + 16α
(
− 51ζ0 + 15(α+ 2)ΩΛ + 29
)]
+
− 160β
}
Ω4M + 4
{
9ΩΛT
2
0 + [−72ζ0 + 9αΩΛ (−204ζ0 + 24ΩΛ + 73) + 82]T0+
+ 6
[
α (180α− 360ζ0 + 149)− 60β (ΩΛ − 1)
]
ΩΛ
}
Ω3M + 4
{
5ΩΛT
2
0 +
[
ζ0 (153ζ0 − 214)+
11
− 2
(
18(5α + 4)ζ0 − 71
)
ΩΛ + 71
]
T0 + 360ζ
2
0 − 572ζ0 + 12α
[
ζ0 (153ζ0 − 50)− 10ΩΛ+
+ 25
]
ΩΛ + 172
}
Ω2M − 16ζ0
{
102ζ20 − 12 (3ΩΛ + 11) ζ0 + 5[T0 + 2 (T0 + 4)ΩΛ+
+ 2]
}
ΩM − 160ζ
3
0
)
K40 + 324ΩM
(
4131α3Ω2ΛΩ
5
M + 27αΩΛ
{
72αΩΛ + T0 (51αΩΛ+
+4)
}
Ω4M + 3ΩΛ
{
α
[
− 360ζ0 + 9α (5T0 − 102ζ0 + 20)ΩΛ + T0 (−153ζ0 + 72ΩΛ + 92)+
+ 186
]
− 90βΩΛ
}
Ω3M +
{
36 (51αΩΛ + 2) ζ
2
0 − 2
[
216αΩ2Λ + 9 (73α + 2T0) ΩΛ + 82
]
ζ0+
+ 15α (T0 + 14)Ω
2
Λ +
[
90α+ (75α + 61)T0
]
ΩΛ + 112
}
Ω2M +
{
5T0Ω
2
Λ + 2
[
T0 (5+
−10ζ0) + 2ζ0
(
9(5α + 4)ζ0 − 61
)
+ 30
]
ΩΛ − 2
[
ζ0
(
ζ0 (51ζ0 − 107) + 71
)
+ 5
]}
ΩM+
+ 20ζ20 (2ΩΛ + 1)
)
K30 − 243Ω
2
MΩΛ
(
81α2ΩΛ (17T0 + 68αΩΛ + 40)Ω
4
M+
+ 12
{
2α
[
− 36ζ0 + 9ΩΛ
(
T0 + α (−51ζ0 + 6ΩΛ + 17)
)
+ 26
]
− 45βΩΛ
}
Ω3M+
+ 4
{
5T0 (3αΩΛ + 1) + 3α
[
153ζ20 − 2
(
9(5α+ 8)ΩΛ + 92
)
ζ0 + 47ΩΛ + 101
]}
Ω2M+
+ 4
{
4ζ0 (9ζ0 − 23)− 30αζ0 (ΩΛ + 5) + 5T0 (3ΩΛ − 1) + 56
}
ΩM − 40ζ0 (−2ζ0 + ΩΛ+
+2)
)
K20 + 1458Ω
3
MΩ
2
Λ
(
− 40ζ0 + ΩM
{
10T0 − 90βΩM (ΩM + ΩΛ − 1) + 3α
[
− 20ζ0+
+ 3ΩM
(
3α (ΩM + 2) (12ΩM + 5)− 3ζ0 (51αΩM + 8) + 4
)
+ 2
(
9αΩ2M (51ΩMα + 5α+
+12)− 10
)
ΩΛ + 50
]}
+ 10
)
K0 − 2187Ω
4
MΩ
2
Λ
(
− 20ζ0+
+ 3ΩM
{
α
[
ΩM
(
3α
[
9ΩM (17αΩM + 4) + 10
]
ΩΛ − 20
)
+ 20
]
− 30βΩMΩΛ
}
+
+ 20
)]
H
4
0 − 8ΩMH
2
0ΩMA
[
576α2δ1K
8
0 − 32α
(
δ1 (54ΩMα− 20α + 9T0 + 8)+
− 8αδ2
)
K70 + 4
(
δ1
{
4ΩM (81ΩM − 80)α
2 + 8
[
3 (9T0 + 16)ΩM − 2 (5T0 + 27ζ0+
+5)
]
α + T0 (9T0 + 16)
}
− 32αδ2 (T0 + 3αΩM + 1)
)
K60 + 4
(
4δ2
{
T0 (T0 + 2)+
+ 12α
[
(T0 + 3)ΩM − 4ζ0
]}
+ δ1
{
(10− 27ΩM) T
2
0 + 2
[
54ζ0 + ΩM (−81ΩMα + 80α+
−48) + 10
]
T0 + 48ζ0 (27ΩMα− 10α+ 2)− 8αΩM
[
90ΩM + 9 (27αΩM + 4)ΩΛ+
− 40
]})
K50 +
(
δ1
{
864α (27αΩΛ + 2)Ω
3
M + 3
[
27T 20 + 24 (27αΩΛ + 10)T0+
− 16α
(
81ζ0 + 36(5α− 3)ΩΛ + 25
)]
Ω2M − 16
[
5T 20 + (81ζ0 − 18ΩΛ + 20)T0 + 144ζ0+
+ 30α (−8ζ0 + 5ΩΛ + 1)− 1
]
ΩM + 48ζ0 (10T0 + 27ζ0 + 10)
}
− 24δ2
{
ΩM
[
T 20 + 6T0+
12
+ 24α (6αΩΛΩM + ΩM + ΩΛ + 1)
]
− 8ζ0 (T0 + 6αΩM + 1)
})
K40+
− 12
(
1458α2δ1ΩΛΩ
4
M + 18
{
T0δ1 (27αΩΛ + 2)− 4α
[
5(4α− 3)δ1 + 6αδ2
]
ΩΛ
}
Ω3M+
+
{
− 12δ2
[
T0 + 6α (T0 + 2)ΩΛ
]
− δ1
[
T0
(
81ζ0 + 36(5α− 2)ΩΛ + 25
)
+ 4
(
120αΩΛ+
+ 9ζ0 (27αΩΛ + 10)− 4
)]}
Ω2M − 12δ2
{
− 6ζ0 + T0 (−2ζ0 + ΩΛ + 1) + 2
}
ΩM+
− 2δ1
{
− 162ζ20 + 8
[
9ΩΛ − 5 (T0 + 2)
]
ζ0 + 5
[
T0 + (5T0 + 4)ΩΛ + 2
]}
ΩM − 24 (5δ1+
+2δ2) ζ
2
0
)
K30 + 18ΩM
(
δ1
{
27αΩΛ (9T0 + 54αΩΛ + 40)Ω
3
M + 12
[
− 12ζ0 + 3T0ΩΛ+
+ 2αΩΛ
(
− 10 (T0 + 2)− 81ζ0 + 18ΩΛ
)
+ 2
]
Ω2M − 2
[
− ζ0 (81ζ0 + 50) +
(
25T0+
+ 24
[
(6− 15α)ζ0 + 2
] )
ΩΛ + 11
]
ΩM + 40ζ0 (−4ζ0 + 5ΩΛ + 1)
}
− 12δ2
{
6α (T0+
+3)ΩΛΩ
2
M +
[
T0ΩΛ − 4ζ0 (6αΩΛ + 1) + 4
]
ΩM + 4ζ0 (ζ0 − ΩΛ − 1)
})
K20+
+ 108Ω2MΩΛ
(
δ1
{
36ΩMζ0 − 50ζ0 + 4ΩM + 3αΩM
[
− 80ζ0 + (81ζ0 − 36ΩM + 25)ΩM+
+ 10
]
+
[
3αΩM
(
50− 9ΩM (27ΩMα− 10α + 8)
)
+ 20
]
ΩΛ + 10
}
− 12δ2
{
6αΩMζ0+
+ ζ0 − 3αΩM
[
ΩΛ + ΩM (3αΩΛ + 1) + 1
]
− 1
})
K0 + 81Ω
3
M
(
δ1
{
3αΩM
[
3α (81ΩM+
−80) ΩM + 72ΩM − 100
]
− 20
}
− 72αδ2ΩM (3αΩM + 1)
)
Ω2Λ
]
H
2
0+
− 80H40Ω
2
M
[
9Ω2M − 2 (6K0 + 5)ΩM + 4K0 (K0 + 1)
]
A3

 , (4)
where
A = −4αK30 + 6K0 (ζ0 − ΩM ) +K
2
0 (T0 + 2) + 9ΩΛΩM (3αΩM + 1) . (5)
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